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Preliminaries
Throughout this paper, R is a commutative ring with identity and M is an R-module. We use τ to denote matrix transpose and D W (R) to denote the set of all n x n lower triangular matrices over R. For H ^ D W (R), | H | denotes the determinant of H. N denotes the set of positive integers.
DEFINITION (1.1) ([SZ1], 2.1). Let n be a positive integer. A non-empty subset
XJ n of R is said to be triangular if ( i ) whenever (a lf .. .,a n ) ^ U n , then (αf\.. .,a a n n ) <Ξ U w for all choices of positive integers a lf ...,a n ; and with the property that, for each i > 0, each member of F t \Fi+i is a minimal member of F t with respect to inclusion. We then set d¥ t = F t -\F t+1 . We say that the filtration 2F admits an R-module M if Supp (M) We say that a sequence of elements a it ..., a n of R is a poor M-sequence if α,-is not a zerodivisor on M./(a v ...,a i _ 1 ) 'M. for each i=l,...,w; it is an M-sequence if, in addition, M =£ (α^.. .,# W )M.
EXAMPLE (1.3). Let R be a Noetherian ring. Then the following five non-empty sets are triangular subsets of R w .
(1) ([SZ1] , 3.10) Let M be a finitely generated R-module.
(V r ) n = {(a lf ... ,a n ) G R w : a lt ..., a n forms a poor M-sequence).
(2) (cf. [SZ2] , 5.2) Suppose that M is a finitely generated R-module.
(11*),= {&!,...,a n ) tΞR n :ht M (a 1 ,...,a i )R> i (1 < i<n)}.
(3) ( [RSZ] , 2.3) Assume that M is an R-module such that Ass (M) contains only finitely many minimal members.
(Vj) n = {(^i,... ,a n ) e R n : for each i= 1,..., n, (a lf ... ^^R ί p for all 
where
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LEMMA (2.1). Let R be a ring and M an R-module. Fix a positive integer n. Let XJ n be a triangular subsets of
Then by the definition of triangular subset there are (c lf ..., c n ) ^ϋ M and H,
Hence we get
On the other hand, by Lemma (1.6)(1)(3) we have
Therefore we have the following contradiction. 
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For the second inclusion, it follows from Lemma (1.9) that
(R, m) be a Noetherian local ring. Suppose that M is an /-module (see [SZ4] ,
LEMMA (2.4). Let R and M be as above. Then in C(°U, M) we have
Proof. This follows from Lemma (2.2), ( [HS] , 3.1) and ( [C] , 2.7).
Remark (2.5). Lemma (2.4) shows that, for every complex CO?/, M), the first and the second conditions of the definiton of Cousin type hold by Lemma (1.9).
LEMMA (2.6). Let R and M be as above. Then in C(1ί, M) we have the following.
(
(2) Since SuppCU^'M) c SuppdJJl]""" 1 M) c F MB , we have
(3) Let p e 9F W and ht M ρ = w. Suppose that q ^ 9F W _ X for some q e Supp(M) such that ht M q = n -1 and q £ p. Hence q e F n> since dF^ = F w _ x \ F w and F M(w _ υ c: F w _ x . This contradicts that p is a minimal element in F w . 
LEMMA (2.7). Let R be a ring and M an R-molule. Then in C(°U, M), /or
Hence the assertion follows from (5). (7) This follows from (1), (4) and (5).
Remark (2.9). If we also change associated prime to weakly associated in the sense of ( [B] , p. 289 ex. 17), then we can omit the Noetherian condition of Proposition (2.8)(6). C(1Z, M) , consider the following statements:
PROPOSITION (2.10). Let R and M be as above. Assume that p ^ Spec(R). In
Then we have the following. 
(2) The first equivalence follows immediately from the above short exact sequence (* *). For the second half, this follows from
induced by the short exact sequence (*) with n + 1 instead of n and Lemma (2.8) The other assertions are obvious.
(5) This follows from the hypothesis, Lemma (2.1) and (4).
(6) This follows easily from (2), since (#£ +1 (M)) p = 0.
EXAMPLE (2.11). (1) In Proposition (2.10), (ii) dose not imply (i). Let R = k[[X, HI Let M be the quotient field of R. Let l^ = R\O0 and p = (X, Y).
(2) ((Hi) =» (ii) (1) AssttJ +Γ'M) c AssttJjlΓ^M).
(2) AssOJJlΓ^M) = Ass(^(M)) U AssOJ^M). 
In particular, let R be a Noetherian local ring and let M be a finitely generated H-module of dimension d. Assume that the above conditions hold for t -d -1 and
Proof.
(1) <^ (2) From the short exact sequence (*) this is clear.
(2) => (3) By Lemma (1.6)(3) this is obvious. Remark (2.14). In Proposition (2.13), if R is Noetherian, then we can change the condition (3) for AssCU^1 M) = AssdJJlΓ*" 1 M) for all n = 0,..., t.
Let (R, m) be a Noetherian local ring and let M be a finitely generated R-module of dimension d. Let %/ = ((U/),-),-^! be the chain of the expansions of triangular subsets (Example (1.3)(5)) on R. Then we have the following complex
PROPOSITION (2.15). Let R, M and U/ be as above. Then the following four conditions are equivalent.
(1) M is an f-module {see [SZ4] , 1.8 (ii)).
(2) Ker/Vim/*' 1 = R n JM) for all n = 0,..., d. by Lemma (1.9) and Lemma (1.7).
(2) => (3) <£> (4) These follow from Corollary (2.12)(2) and Lemma (2.8)(4). The last assertion follows from (2), Corollary (2.12)(2) and ( [C] , 2.15).
Modules of generalized fractions and complexes of Cousin type
In this section, suppose that R is a Noetherian ring.
THEOREM ( Then the converse of (1) [C] Hence we obtain d¥ n n AssCOJ UlΓ^M) = d¥ n Π by Lemma (2.8) (6). Then Theorem (3.1) completes the proof.
(3) By ( [GO] , 3.6), we have for all n e N U {0} UΓM= Θ C» P .
Hence we get Ass (U^" 1 M) c 9G W . Next for all p G 9G W we have U^(M)), = 0. Therefore we have dG n Π Ass(^(M)) = 0. Then by Lemma (2.8)(6) we get The result follows from Theorem (3.1).
(4) This follows from ( [C] , 2.12 and 3.3(3)) and Corollary (3.2).
(5) Since C(°U r , M) is an exact sequence by Proposition (2.13), the first equivalence follows from ([S2], 2.4). From Proposition (2.13)(3) and Theorem (3.1),
we have the second equivalence.
(6) This follows from (5) 
